SUBSETS OF PRODUCTS OF FINITE SETS OF POSITIVE 

UPPER DENSITY 



STEVO TODORCEVIC AND KONSTANTINOS TYROS 

Abstract. In this note we prove that for every sequence {mq)q of positive 
integers and for every real < 5 ^ 1 there is a sequence {nq)q of positive 
integers such that for every sequence {Hq)q of finite sets such that \Hq\ = rtq 
for every g £ N and for every D C IJ^. 05=0 ^1 with the property that 

\DnUqZ0Hq\ 

limsup i — = ^ 

mqZoHql 

there is a sequence (Jq)q, where Jq C Hq and |Jij| = mq for all q, such that 
n*=o Jq ^ D for infinitely many k. This gives us a density version of a well- 
known Ramsey-theoretic result. We also give some estimates on the sequence 
(nq)q in terms of the sequence of {mq)q. 



1. Introduction 

It is well known that many Ramsey-theoretic results admit density versions. For 
example, Szemeredi's theorem |Sz| which is just a density version of a much older 
and as famous Ramsey-theoretic result of van der Wearden [vWj . Density versions 
of Ramsey-theoretic results tend to be considerably harder to prove. A typical such 
example is the density version of the Hales- Jewett theorem |HJ| due to Furstenberg 
and Katznelson |FK) (see also jPop . All these examples belong to finite Ramsey 
theory in the sense of [GRSj . However, we have recently seen that infinite Ramsey- 
theoretic results sometimes do admit density version in spite of the well-known 
fact that the original infinite Ramsey theorem itself ((Raj) does not have a density 
version (see, for example, [EG] ). Recently, solving an old problem of Laver, Dodos, 
Kanellopoulos and Karagiannis [DKK] , have proved a density version of the famous 
Halpern-Lauchli theorem |HL) . This result has in turn triggered investigations of 
density versions of the finite form of the Halpern-Lauchli theorem (see [DKT] ) . In 
this note we prove a density version of another infinite Ramsey-theoretic result, 
a Ramsey type result about products of finite sets (see jDLT| . jToj . Chapter 3) 
stating that for every infinite sequence {mq)q of positive integers there is a sequence 



{nq)q of positive integers such that for every sequence {Hq)q of finite sets such that 
\Hq\ — Uq for all g G N and for every coloring c : IJ^, YlqZo Hq {0, 1} there exist 
Jq C Hq such that | J^l = niq for all g G N and such that c is constant on Jlo=o "^9 
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for infinitely many k. More precisely, in this paper we prove the following density 
result, where by N we denote the set of the natural numbers starting by and by 
N-i- we denote the set of the positive natural numbers. 

Theorem 1. Let 6 be a real number with < S ^ 1. Then there exists a map 
Vs : X N!^^ — > N with the following property. For every sequence {mq)q of 

positive integers, infinite sequence {Hq)q of finite sets, L infinite subset ofN^ and 
sequence {Dk)keL such that 

(a) \H^\-^Vs{{mo),$) and \Hq\ Vs{{mp)l^o, {\Hp\)lZl) forallqeN+, and 

(b) Dk is a subset of Y[q=Q density at least S, for all k L, 

there exist a sequence of finite sets {Iq)q and an infinite subset L' of L such that 

(i) Iq ^ Hq and \Iq\ ~ niq for all q E N and 

(ii) Uq=o Iq Dk for all k e L' . 

For the definition of the map Vs, we will need some auxiliary maps. In the next 
section we define these maps and we describe their properties. 

2. The definition of the map Vs- 
For every < 6* < e ^ 1 and every integer k ^ 2 we set 

We will need the following elementary fact. Although it is well known, we could 
not find a reference and we include its proof for the convenience of the reader. 

Lemma 2. Lei < 6* < e ^ 1 and k,N eN with k^2 and N ^ T,{e,e,k). Also 
let {Ai)^^ be a family of measurable events in a probability space (f2,I],/i) such 
that fJ.{Ai) ^ s for all 1 !^ i ^ N . Then there exists a subset F of {1, . . . , N} of 
cardinality k such that 

m( fl A?j ^ 9\ 

Proof. Let A be the set of all functions cr : [fc] — > [N] and B = {a E A : a- is 1-1}. 
Notice that 

(1) \A\B\^^^^N'^-\ 
By our assumptions and Jensen's inequality, we see that 

N ,. . N ,, , k 



2=1 2=1 aeAi^l 

(2) = E n ^-w) = E m( n ^'^w) + E n 

^+EKnA 



aeA 1=1 creAXB i=l a^B i=l 

^k{k-l) 

^ IV -|- 

(tG/3 
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Since N ^Y.{9, e, k) we get 



' ' tree i=l (tGB i=l 

and the proof is completed. □ 

For every < £ ^ 1 we define the map Te : N as foUows. For every 

{mq)^^Q in we set 

(3) Te(K)J^o) = |s(e74,£72,TOfe), 

where e' = e if fc = and e' = en|;=o ™<!2~^ ^?=o n5=j ™<! otherwise. The crucial 
property characterizing the map is given by the following lemma. For its proof 
we will need the following notation. 

Notation 1. Let kg < ki < k2 be nonnegative integers and {Hq)q be a sequence of 
nonempty finite sets. Also let x £ riqLfeo ^^'^ U G Dqlfci ^q- By x"^y we denote 
the concatenation of the sequences x, y, i.e. the sequence z G Ilqlfco satisfying 
z{q) — x{q) for all q = k^, . . . , fci — 1 and z{q) — y{q) for all q — ki, . . . , ^2 — 1. 
Moreover, for A C Uqt^kl ^i ^ ^ IlgLfci Hq we set 

and 

A^B = IJ x^B. 

xeA 

Lemma 3. Let k Cz N, e be a real with < e ^ 1 and mo, ■ ■ ■ ,mk be positive 
integers. Also let (-ffq)g^Q be a finite sequence of nonempty finite sets, satisfying 
\Hq\ ^ 7e(('7ip)p^o) all q — 0, . . . ,k and a subset D of Y\q=o ^q density at 
least £. Then there exists a sequence {Iq)q^Q such that 

(i) Iq ^ Hq o.nd \Iq\ — jUq for all q = 0, . . . ,k and 

(ii) nU^-^^^- 

Proof. If fc = then the result is immediate. Indeed, in this case we have that 

\D\ ^e-\Ho\ ^£-Te((mo)) ^ mo- 

Suppose that fc > 1. Let Eq — s and e,+i = (£5/4)™", for all g = 0, . . . , fc — 1. It is 
easy to check that 

£g = en^lJ™p2-2^'=o n^=.' "^ for all g = 1, . . . , fc. 

We inductively construct sequences {Iq)qZo ^^'^ (^9)5=0 such that for every q — 
0, . . . , fc — 1 we have 

(a) Iq C Hq and \Iq\ = ruq, 

(b) Dq C Ylp^q Hq of dcusity at least £, and 

(C) IqDq+l C Dq. 



4 



STEVO TODORCEVIC AND KONSTANTINOS TYROS 



We set Do = D and assume that for some q G {0,...,fc — 1}, (-Dp)p^o ^^'^ 
q ^ 1 also (/p)plj have been constructed satisfying (a),(b) and (c) above. For 
every x G Hq, we set 

k 

D'. = {y^ n Hp:{xryeDg}. 

p=q+l 

Clearly the average of the densities of D'^ as x runs in Hq is equal to the density of 
Dq and therefore, by the inductive assumption (b) above, at least Sq. By a Fubini 
type argument, we have that the set 

B = {x e Hq : D'^is of density at least eg/2} 

is of density at least eq/2 in Hq. Thus 

\B\ ^ {eq/2) \Hq\ ^ {eq/2) Te((mp)^^o) = S(£,/4, £,/2, m,). 

By Lemma[2]there exists Iq B C Hq oi cardinality niq such that = Dxei^D'^ 

is of density at least e^+i. The inductive step of the construction is complete. 

Using property (c) above it is easy to see that . . Ik-i "^fe Q D, where Dj, 
is subset of H^ of density at least et- Thus 

>£fer,((mp)^^o) 

and therefore we may pick Ik C Dk C Hk of cardinality m^. Clearly {Iq)q^Q is the 
desired one and the proof is complete. □ 

Definition 4. Let {Hq)q he a sequence of nonempty finite sets, L he an infinite 
subset of N+, fco G 'J^'j^ < e ^ 1. We will say that the sequence (I?/t)/cgL 
is {ko, e)-dense in {Hq)q if for every k > ko in L we have that Dk is a subset of 
Y[q=ko ^1 '^f density at least e, i.e. 



\nqZloH^\ " ■ 

Finally, we will say that {Dk)keL is e-dense in {Hq)q, if it is {0, e)-dense in {Hq)q. 

The next result is an immediate consequence of Lemma |31 

Corollary 5. Let {mq)q he a sequence of positive integers, e be a real number with 
< e ^ I, ko be a nonnegative integer and {Hq)q he a sequence of nonempty finite 
sets satisfying \Hk\ ^ 2e(("^g)g=fcg) for all integers k with k ^ ko. Also let L he an 
infinite subset o/N+ and {Dk)keL be {ko,e)-dense in {Hq)q. Then for every k ^ L 
with k > ko there exists a finite sequence {Iq)qZl^ of finite sets satisfying 

(i) Iq Q Hq and \Iq \ = nriq, for all q ^ Q, . . . , k ~ 1 and 

(ii) UqZlll^QDk. 



SUBSETS OF PRODUCTS OF FINITE SETS OF POSITIVE UPPER DENSITY 



5 



For every reals e, 9 with < < e ^ 1 and every positive integer r, we define 
the map Q^^^ : N^^ N as follows. For every (TOg)g^o ^ 1^+'*'' set 



By the definition of the the map Qg ^, Corollary [5] has the following result as an 
immediate consequence. 

Corollary 6. Let (mq)q be a sequence of positive integers, 6,s be real numbers with 
< 9 < s ^ 1, fco, r G N with r ^ 1 and {Hq)q be a sequence of nonempty finite sets 
such that \Hk\ ^ Qe e{i''^i)q=ko) ' f'^'"^ ^ ^ '''O- ^Iso let L be an infinite subset 
o/ N+ and {Dk)keL be {ko, ^{^^)'^)-dense in {Hq)q. Then for every k ^ L with 
k > ko there exists a finite sequence {Iq)qZko of finite sets satisfying 

rk r- T-T \Tk\ 



i) Iq C Hq and \Iq \ — ruq for all q — ko, . . . , k — 1 ana 
k-i jk 

q=ko 



(ii) Ytlllq^Dk 



Lemma 7. Let i,r be positive integers, ko E N with ko < i and 9,e be reals with 
< 9 < e ^ 1. Also let {Hq)q be a sequence of nonempty finite sets satisfying 
\YYqJk^Hq\ ^ r, L be an infinite subset o/ N+ and {Dk)keL be {kQ,e)-dense in 
{Hq)q. Then there exist F C Jlg^fco ^q density at least 9, L' infinite subset of 
L and {Dk)keL' being (i, (e — 9) /2^)-dense in {Hq)q such that VDk C Dk for all 

k e L'. 

Proof. By passing to a final segment of i, if it is necessary, we may assume that 
mini > i. For every k E L we have the following. For every y £ 115=4^ ^q set 
Ty ~ {x e YVqi^ko ^1 ■ ^ ^k}- Observe that the average of the densities of Ty 
as y runs in YlqZl Hq is equal to the density of Dk and therefore at least e. By a 
Fubini type argument we have that the set 

fe-l i-l 

D'k = |j/ £ Y\ ■ ^s of density at least 9 in JJ^ 

q=i q=ko 

is of density at least e — 6* in YlqZl Hq . Since the powerset of ng=l:o ^q is of 
cardinality at most 2^, we have that there exist F^ C Hg^fco ^q of density at least 
9 and a subset Dk of of density at least (e — 6')/2'' in YlqZj Hq such that F^ — Tk 
for aU y E Dk. 

Passing to an infinite subset L' of L, we stabilize F^ into some F, which of course 
is of density at least 9 and the proof is complete. □ 

Corollary 8. Let {mq)q be a sequence of positive integers, i,r be positive integers, 
ko £ N with ko < i and 9,e be reals with < 9 < e ^ 1. Also let {Hq)q be a 
sequence of nonempty finite sets such that 

(a) \Ilq~Jko^i\ =^ ^ "^^'^ 

(b) \Hk\ > g^,,(K),^^J, for all k^i. 
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Finally, let L be an infinite subset o/ N+ and {Dk)keL be {ko, e)-dense in {Hq)q. 
Then there exist a subset T of Jlg^fco ^i density at least 9 and an infinite subset 
L' of L such that for every k ^ L' with k > i there exists a finite sequence (/^)^Zj^ 
of finite sets satisfying 

(i) Iq Q Hq and |/^| = ruq, for all q = i, . . . , k — 1 and 

(ii) r-n,t-/,'ci?,. 

Proof. By Lemma [71 there exist F C Hg^feo ^i density at least 9, L' infinite 
subset of L and {D'^)keL' being (i, (e — 6')/2'")-dense in {Hq)q such that 

(4) T-D'^ C 

for all k G L' . By Corollary [SI we have that for every k £ L' there exists a finite 
sequence {Iq)qZi of finite sets satisfying 

(i) C Hq and |/^| — niq for all g = fco, • ■ • , fc — 1 and 

(ii) UqZloll^^D',. 

By (ii) above and Q, we get that U.q=lo Iq ^ Dk for all fc G L'. □ 

Finally, in order to define the map V^, we need some additional notation. For 
every s G N we set 

A,, = {i/2' : < i sC 2MnN}, 

A = UsgFjAs and for every real 5 with < (5 ^ 1, we pick G N such that 
21-"-' ^ 5. Let ,5 be a real with < (5 < 1. We define the map Vs : x N<f* ^ N 
as follows. For every mo G N+ we set 

^5(("io),0) = max T,((mo)) 

where denotes the empty sequence and for every (mg)^^g, (nq)^^Q G N^'* with 
/c > we set 

Vs{{mq)l^^,{nq)\zl) ==max|T„,i„A.,((m5)^^o), ^max^ Ql\,{{mq)'l^i)'^ , 

6<s in As^ + k 

where = Jlg=o'^9- arbitrarily extend the map Vg to the remaining elements 



3. Proof of Theorem [T] 

For the rest of this section we fix a real S with < S ^ 1, sequences {mq)q, {nq)q of 
positive integers satisfying n^, ^ Vs{{mq)'^^^, ("g)q=o) all fc G N and a sequence 
{Hq)q of finite sets with \Hq\ — Uq for all g G N. 
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3.1. The inductive hypothesis. The main part of the proof consists of showing 
that for every countable ordinal ^ the property (see Definition |9] below) holds. 
In order to state the definition of the property V{^) we need some additional nota- 
tion. For L an infinite subset of N, by we denote the set of all finite subsets 
of L. 

Notation 2. Let i be a positive integer, ko € N with fco < i, F be a subset of 
rig^fco Hq, L an infinite subset of N+ and {Dk)keL such that Dk C nq=fco 
all fc g L with k > kQ. We set 
J^{i,T, {Dk)keL) — {F e[L]^°° : F ^ (I), min_F > i and there exists a sequence 

^-^such that Ig C Hg and \Ig\ = rUg for all 

fe-i 

q = i,. . ., max F ~ 1 and F'" JJ^ C D^. for all k e F} 

q=i 

Let i,r and {Dk)keL as above. It is easy to see that the family T{i,T, {Dk)keL) 
satisfies the following property. For every nonempty sets A C B such that B G 
J^{i,T,{Dk)keL), we have A G F{i,r, {Dk)keL). That is F{i,T, iDk)keL) U {9} is 
hereditary. For a hereditary family J^, the rank of F is defined as follows. If F 
is not compact, we define the rank of F to be equal to coi. Otherwise, for every 
C-maximal element F E F we set rjr[F) — and recursively for every F E F we 
set rjr{F) = sup{rjr(G) + 1 : G e F and F □ G}. The rank of F is defined to be 
equal to rjr(0). The rank of a family F{i, F, {D]S)^izl) is defined to be equal to the 
rank of the hereditary family F{i, F, {Dk)k^L) U {0}. Finally, for M infinite subset 
of N and ^ countable ordinal, we will say that F{i,r, {Dk)keL) is of hereditary 
rank at least ^ in M, if for every M' infinite subset of M, the hereditary family 
[M']<°° n {F{i, F, {Dk)keL) U {0}) is of rank at least ^ 

Definition 9. Let ^ be a countable ordinal number. We will say that 'P(^) holds, 
if for every 6 < e in A, every i' > ko in N, every infinite subset L of and 
(Dk)kGL being {ko, e)-dense in {Hq)q, there exist an integer i with i ^ i' , an infinite 
subset L' of L and some F C n^^^^^j Hq of density at least 9 such that the family 
F{i,T, {Dk)keL) is of hereditary rank at least ^ in L' . 

Corollary 10. The property V{1) holds. 

Proof. Let 6* < e in A, z' > fco in N, an infinite subset L of N+ and {Dk)k&L 
being (fco,e)-dense in {Hq)q. We pick i ^ i' such that 9,e E As^+i. The result is 
immediate by Corollary [S] □ 

Notation 3. Let < /cq < c ^ /c be integers and x G ng=feo ^q- ^ t c, we 
denote the initial segment of x in Jlg=feo ^i- 

Lemma 11. Assume that for some sequence of countable ordinals {S,n)n we have 
that 'P{S,n) holds for all n G N. Let rj in A, fco < i' in N, L be an infinite subset of 
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N+ and {Dk)keL beAng {ko,ri)-dense in [Hq)q. Then there exist an infinite subset 
L' ~ {Iq < h < . . .} of L with i' ^ Iq, an infinite subset I — {io < ii < . . .} ofN 
and (ri)ig7 being {kt^^rf' j^)- dense in {Hq)q such that and for every n £ N we have 

(i) In < in < In+l, 

(ii) for every x G F^^ we have a; t Z„ G -D;„ 

(iii) the family J-{in,Ti^, {Dk)keL) is of hereditary rank at least f„ in L' . 

Proof. Using T'{£,n) we inductively construct a decreasing sequence {L„)n of infinite 
subsets of L and a (/cq, ??^/8)-dense sequence {Ti^)n in {Hq)g such that i' ^ io and 
for every £ N we have that 

(a) minL„ < i„ < niini„+i, 

(b) for every x £ F^^ we have x \ mini„ G £'minL„ and 

(c) the family J^(i„,Fi^, {Dk)keL) is of hereditary rank at least ^„ in Ln+i- 
First by Ramsey's Theorem and Lemma [2] we may pass to an infinite subset Lq 
of L such that minLo > i' and for every k < k' in Lq we have that the set 
{x G Dk' : x \ k £ Dk} is of density at least ?7^/4 in Y[q=ko^i- Suppose that 
for some n G N we have constructed (ip)p^o and if rt > 0, {ip)pZo and (Ti^ YpZQ. 
Treating i' as i-i in case n = 0, the inductive step of the construction has as 
follows. For every fc G L„ we set 

(5) ^ {x e Dk : X \ minL„ G i^minL,.}- 

Since L„ is subset of Lq, by the choice of Lq, we have that {D^)keL'^ is (fco, 77^/4)- 
dense in {Hq)q. Applying 'P(Cn)j we obtain some in > minL„, an infinite subset 
Ln+i of Ln and F^^ C Hg^^o density at least 77^/8 such that the family 

J^{in,Ti^, {D^)ki£L) is of hereditary rank at least ^„ in Ln+i- Passing to a final 
segment of Ln+i we may assume that minL„-|_i > z„ and the inductive step of the 
construction is complete. Indeed, property (a) is immediate, as well as property 
(c) by the observation that J"(i„,Fi„, {D^)k&L) Q T{in,Ti^, {Dk)keL)- Concerning 
(b), notice that, since T{in,Ti^, {D'^)k^L) in non empty there exist k G Ln+i and 
y such that x'^y G for all x G F^^. Since minL„ < i„, by we have that 
X \ mini„ = x'^y \ mini„ G L'minL„- 

Setting L' ~ {minL„ : n G N}, it is easy to check that the proof is complete. □ 

Lemma 12. Assume that for some (not necessarily strictly) increasing sequence of 
countable ordinals {S,n)n we have that V{^n) holds for all n G N. Then V{^) holds, 
where ^ — sup{^„ + 1 : n G N}. 

Proof. Let 9 < e in A, i' > kg in N, an infinite subset L of N+ and {Dk)k£L being 
(fco,e)-dense in {Hq)q. We pick i i' such that 0,e G A^^+i. By Lemma [7] there 
exist F C ng=feo ^1 density at least 9, L" infinite subset of L and {Dk)k&L" 
being (i, (e — (?)/2'")-dense in {Hq)q such that 

(6) T^bk C Dk 
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for all k £ L" . By Lemma fTD there exist an infinite subset L' = {^o < < • • ■} 
of L" with i ^ /q, an infinite subset / — {iq < ii < . . .} of N and {Ti)iizj being 
{i, |(^^)^)-dense in {Hq)q such that and for every n £ N we have that 

(i) In < in < In+l, 

(ii) for every x £ Ti^ we have a; f /„ £ Di^ 

(iii) the family J-{in,Ti^, {Dk)k£L) is of hereditary rank ^„ in L' . 

By the choice of {nq)q, the definition of the map Vs and Corollary [51 we have that 
for every n £ N there exists a finite sequence (/g of finite sets satisfying 

(a) Iq C Hq and \Iq \ — ruq for all g = i, . . . , i„ — 1 and 

(b) n;=7'^,"^r,„. 

By (ii) and (b) we have that 

(7) n ^; ^ 

for all n £ N. 

Claim: T, {Dk)keL) 2 {{L} U F : n £ N and F £ ^(i„, r,„ , {Dk)keL)}- 

Proof of Claim. Let n £ N and F £ T{in,T^,^,{Dk)keL)- Let {Iq)'^^ff^'^ the finite 
sequence witnessing that F £ J^{in,Ti^, {Dk)keL)- Let (JqYq^f^^^ defined by 
Jg = Iq for all q = i, . . . ,in — I and Jg = Ig for all g = i„, . . . , maxF — 1. By ([7]), 
(b) and the fact that F £ J'(i„, F^,^, {Dk)k£L) we have that 
i„-i fe-i 

J]^ Jg C and Jl Jg C I)fc for all fc £ F 

By © we get that {Z„} U F £ F(z, L, {Dk)keL)- □ 
Lemma |12I is an immediate consequence of the claim above. □ 
By Corollary [TU] and Lemma [T^ we have the following. 

Corollary 13. For every countable ordinal ^, the property V{^) holds. 

We are ready to complete the proof for Theorem [1] 

Proof of Theorem{l\ Let L be an infinite subset of N+ and {Dk)keL be (5-dense in 
{IIq)q. By Corollary [13] we have that for every countable ordinal ^ there exist a 
positive integer i^ and a subset of HgLo^ of density at least 5/2 such that the 
family T{i^,T^, {Dkjk&h) is of rank at least ^. We pick A uncountable subset of 
wi such that and F^ are stabilized into some i and F respectively, for all f £ ^. 
Let F — F{i,T, {Dk)keL)- Clearly the rank of F is greater that or equal to ^, for 
all ^ £ ^. Since A is uncountable we get that the rank of is wi. The latter 
and the hereditariness of the family F yields the existence of some infinite subset 
M = {mo < mi < . . .} of L such that for every F finite subset of M we have that 
F E F. Clearly, we may assume that mg > i. Let us denote by F„ the initial subset 
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of M of length n + 1, i.e. Fn — {mo, . . . , m„}, for every n nonnegative integer. Thus 
for every positive integer n, since F„ G we have that there exist (IqYq^i'^ such 
that 

(1') Iq Q Hq and |/^| = iriq for all g = i, . . . , m„ — 1 and 
(2') r- n"=r' C Z?™, for all fc = 0, . . . , n. 

We pass to a subsequence {Fk^)n of {Fn)n such that {{Iq")^J^i pointwise con- 
verges to some {Iq)'^i. It is immediate that the following are satisfied. 

(1) For every integer q ^ i, Iq G Hq and \Iq\ = ruq. 

(2) For every n e N, UT^r' h C A„.„ ■ 

Notice that |iJg| ^ J5/2((mp)p^o) for all <? = 0, . . . , i — 1. Since F is subset of 
W^q^^Hq of density at least (5/2, by CoroUary [5l there exists {IqYql}^ such that 
Iq C Hq and \Iq\ = VTLq for all = 0, . . . , 1 — 1 and Hq^o -^9 ^- -'^^ easy to check 
that the sequence {Iq)q is the desired one. □ 

4. Some calculus on the map Vs 

In this section we provide bounds for the map Vg in terms of the Ackermann 
functions. In particular, we provide bounds for the map / ; N^^ N induc- 
tively defined as follows. We set f(^{mo)^ = Vs[{mQ),9) for all rriQ G N+ and 

/((m,)J=o) = Vsiimq^q^,, {f{imp)Uo))lZl) ^ov aU (m,),^^o e N<'^ with k > 0. 
Fet us recall that the Ackermann hierarchy of functions from N into N is defined 
as follows. 

^o(O) = 1, Aq{1) = 2, and Aq{x) = 2 + x for all a; ^ 2 
An+i{x) ^ A^r^l) for all x e N, 

where A^^^ denotes the xth iteration of A„. (The 0th iteration of any function is 
considered to be the identity.) In particular, according to the above definition we 
have that Ai{x) — 2x for all x ^ 1 and A2{x) — 2^ for all x G N. All the functions 
An are primitive recursive and more precisely An belongs to the class f of the 
Grzegorczyk hierarchy for all n G N. 

For the rest of this section we fix a real S and a sequence {mq)q of integers 
satisfying the following. 

(a) < (5 1/2 and 

(b) TOg ^ 2 for aU qeN. 

For every < e ^ 6/2, we set = [log(l/e)]. By (a) it is immediate that Pe ^ 2 
for all < £ ^ (5/2. Moreover, for every k e N wc set pnik — 119=0 "^9 ^^id 

p=0 llq=p mq. 

Lemma 14. For every nonnegative integer k and every real e with < e ^ 6/2, 
we have that re((mg)^'^Q) ^ A2{bpepmf.). 
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Proof. Fix k and s as above. For the quantity e' participating in the definition of 
the map (see jS])), we have 

(6) 

Moreover 

/e'\"^'' /e'x'"'! (b),^ „ , 

(9) — j J ~( j (1—2^™'") ^ ^pm;,2-2spmfc+mfc-l^ 

Thus 

(10) -,mfc) < p£-f™.22^P-^l < A^iveWik + 2spm,). 
Finally 



TOfc 



|8j,iIToJ 

< ^2(1+ VeWnk-i + '2pmk)A2{PePmk + '^■spmk) 

s$ A2(5pepm^). □ 

Corollary 15. for every < £ ^ S/2, fc e N and positive integer r, we have 
Q9,e(K)?=o) Mm + lOr + 10pe_e)pmfc). 

Proposition 16. For every integer k ^ 0, we have /(('7?,q)^^g) ^ A^2^''\5sspmi^) . 

Proof. We will prove it by induction on k. For fc = it is immediate by the 
definition of the maps Vs , f and Lemma 1141 Assume that for some fc ^ 1 we have 
that lemma holds for k — 1. We set aj = (Ssapm^) for all ^ j < fc and 

/3 = rij^daj- Then 

k-1 k-1 

f3^l[ 4'+'^ {bsspm,) = ^2 ( E i^sspm,)) ■ 

J=0 j=0 

By the definition of the maps Vs, f, the inductive assumption, the above inequality 
and Corollary [12] we have the following. 

/((m,),^) ^ ^((m,)J^o) <A2 ((15 + 10/? +10(s5 + fc))pm,.) 

= v42((25 + 10ss)pmk + 10(fc - l)pmk + 10/3pmfc)- 
In order to bound /((wq)^^o) will need the following elementary inequalities. 

(1') 20x — lOxlogx ^ 2^ for all integers x ^ 8 and 

(2') (25 + I0x)y ^ 2^^ for all integers x, y with a; ^ 2 and y > 4. 

Observing that pfn^. ^ 2*^+^, the above inequalities in particular yield the following. 

(1) 10(fc — i)pmk ^ ^2(p™fe) for all fc > 1 and 

(2) (25 + lQss)pmk < M{sspmk) for ah fc ^ 1. 
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By the latter inequalities and distinguishing cases for k = 1 and k > 1 one can 
easily derive the following. 

(12) 10(fc - + (25 + 10ss)pmk A^^H^sW^k)- 

On the other hand, using the elementary inequality lOx ^ 2^^ for all integers x ^ 4, 
the fact that sa ^ 2 and hsspmk-i + 1 ^ Ssspm/., we get that 

(13) lOPprUk ^ Ai^\Asspmk) 

The result follows easily by applying (HH) and ^ to □ 
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